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ABSTRACT 

We  prove  that  the  Hamiltonian  system 

1.  3V 

3q  p,g  e  R";  V  e  C2(rf1) 

q  *  p 

has  at  least  one  periodic  solution  of  energy  h,  provided  that  the  set 
{q  e  rf'lv(q)  <  h)  is  compact. 
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SIGNIFICANCE  AND  EXPLANATION 

Questions  of  existence  of  periodic  solutions  for  classical  mechanical 
systems  have  a  long  history.  The  development  of  the  nonlinear  functional 
analysis  has  provided  powerful  new  tools  and  renewed  interest  in  these 


problems.  In  this  paper  we  considers. the  Hamiltonian  system 


r 


(*) 


,  .  3V 


where  p,q  e  iP  and  V  e  C2(eP)  and  we  prove  that  ( * )  has  at  least  one 
periodic  solution  of  energy  h,  provided  that  the  set 

{q  e  HP  I V(q)  <  h} 

is  bounded. 
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CLOSED  GEODESICS  FOR  THE  JACOBI  METRIC  AND  PERIODIC  SOLUTIONS 
OF  PRESCRIBED  ENERGY  OF  NATURAL  HAMILTONIAN  SYSTEMS 


V.  Benci* 


1.  INTRODUCTION  AND  MAIN  RESULTS. 


Wa  consider  a  natural  Hamiltonian  function  H  e  C2 ( R2n )  i.e.  function  of  the  form 
(1.1)  H(p,q)  -V2  !p|2  ♦  v(q)  p,q  e  iP 


and  the  corresponding  system  of  differential  equations 

3H 

Sp 


(1.2) 


.  3H 


where  " ' *  denotes  d/dt . 

It  is  well  known  that  the  function  H  itself  is  an  integral  of  the  system  (1.2).  In 
fact  it  represents  the  energy  of  the  dynamical  system  described  by  (1.2).  It  is  a  natural 
problem  to  ask  if  the  equation  (1.2)  has  periodic  solutions  of  a  prescribed  energy  h.  The 
main  result  of  this  paper  is  the  following  theorems 
Theorem  1.1.  Suppose  that 


(1.3) 


fl  »  (q  e  Rn|v(q)  <  h} 


ia  bounded  and  not  empty.  Then  the  Hamiltonian  system  (1.2)  has  at  least  one  periodic 
solution  of  energy  h. 

Remark  I.  The  assumption  (1.3)  is  necessary.  In  fact  the  Hamiltonian 
H(p,q)  “V2lp|2  +  q  has  no  periodic  solution. 

Remark  II.  If  there  is  q0  e  30  such  that  VV(qQ)  »  0,  then  q  =  g0  and  p  5  0  is  a 
periodic  solution  of  (1.3)  of  energy  h.  If  va  want  to  have  nonconstant  periodic  solutions 
of  energy  h,  we  need  to  add  the  following  assumption 
(1.4)  V(q)  *  0  for  every  q  e  3(2  . 

If  (1.4)  is  violated,  then  it  may  be  that  (1.3)  has  no  nonconstant  periodic  solution  as  the 
following  example  shows: 

H(p,q)  "  V2  |p 1 2  +  q4  -  q3  (p,q)  e  R;  h  »  0 
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Remark  III.  As  it  will  be  clear  by  the  proof,  Theorem  1.1  applies  also  to  Hamiltonians  of 
the  form 

(1.5)  H(p,q)  -  V2  i.i3  alj(q)PiPj  +  V(q) 

where  (a^tq)}  is  a  positive  definite  matrix  for  every  q  e  *! .  However,  since  our  proof 
is  based  on  the  variational  principle  of  Monpertius-Jacobi ,  it  cannot  be  applied  to 
Hamiltonians  whose  "kinetic  energy”  term  is  not  a  positive  definite  quadratic  form. 

The  search  of  periodic  solutions  of  prescribed  energy  is  a  problem  which  has  a  long 
history.  We  refer  to  [R^ ]  and  [Br]  for  recent  surveys  and  we  restrict  ourselves  to 
mention  only  some  of  the  more  recent  results.  Weinstein  and  Moser  [W,M]  have  studied  the 
existence  of  periodic  solution  near  an  equilibrium.  In  this  case,  under  suitable 
assumptions,  the  existence  of  n  periodic  orbit  can  be  proved.  However,  far  from  an 
equilibrium,  the  existence  of  n-perlodic  orbits  can  be  proved  only  under  more 
restrictive  assumptions  on  the  energy  surface  H(p,q)  «  h.  Eckland  and  Lasry  [EL] 
have  proved  this  fact  when  such  surface  if  convex  and  contained  in  the  set 
Ajj  -  {(p,q)  I  R  <  |p I  +  |q|  <  r/2}  for  some  R  >  0  (see  also  Ambrosetti  and  Marcini  for 
another  proof  [AM]).  A  result  of  Berestycki,  Lasry,  Mancini  and  Ruf  [BLMR]  is  the  last 
results  in  this  direction  as  far  as  I  know;  it  includes  both  the  theonn  of  Weinstein  and 
the  theorem  of  Eckland  and  Lasry. 

If  the  existence  of  at  least  one  periodic  orbit  is  required  more  general  Hamiltonians 
are  allowed.  Seifert,  in  a  pioneering  work  [S] ,  has  proved  that  the  Hamiltonian  (1-5)  has 
at  least  one  periodic  solution  provided  that  SI  is  dif feomorphic  to  a  ball.  The  theorem 


of  Seifert  has  been  generalized  in  many  ways  (cf.  (R^).  The  last  results  in  this 
direction  is  due  to  Rabinowitz  [R2J •  He  considers  a  Hamiltonian  of  the  form 


H(p,q)  -  K(p,q)  +  V(q) 

9 1C 

where  -r—  •  p  >  0  for  Ipl  >  0  and  0  is  dif  feomorphic  to  a  ball, 
dp 

Under  these  assumptions  he  has  proved  the  existence  of  at  least  one  periodic  orbit. 


The  result  of  Rablnowitz,  compared  with  Theorem  1.1,  allows  a  more  general  "kinetic  energy' 
term  but  still  has  to  impose  that  0  is  dif feomorphic  to  a  ball. 


Also  In  a  recant  paper  Gluck  and  Ziller  [GZ]  have  proved  a  theorem  similar  to  Theorem 
1.1.  Under  the  assumption  of  Theorem  1.1,  they  have  proved  the  existence  of  a  nontrivial 
periodic  solution  (actually  of  a  brake  orbit;  cf.  Remark  IV  for  its  definition);  (they  seem 
to  have  forgotten  to  explicitly  state  assumption  (1.4)  which  is  necessary  as  the  Remark  II 
shows).  Our  proof  of  Theorem  1.1  is  quite  different  from  their  proof;  it  is  based  on  a 
different  approximation  scheme  and  uses  more  analytical  tools 

Our  method  of  proving  Theorem  1.1  is  based  on  the  least  action  principle  of 
Maupertiua-Jacobi  (cf.  e.g.  [A]  page  245  or  [G]  for  Hamiltoniana  of  the  form  (1-5))  which 
leads  our  problem  to  a  problem  of  differential  geometry  which  will  be  explained  below. 

Let  0  be  an  open  set  in  H?1  with  smooth  (say  C2)  boundary  and  let  a  €  C2(fl,Rn) 
be  a  nonnegative  function.  He  consider  the  metric 

(1.6)  dp  “  /a(x)  ds  x  e  5 

where  ds  -  / ^  (dx^)2  is  the  Euclidean  metric.  If  a(x)  »  h  -  v(x),  (h  e  R)  the 
metric  (1.6)  is  the  "Jacobi  metric"  associated  to  the  Hamiltonian  (1.1).  The  Maupertius- 
Jacobi  principle  states  that  the  closed  geodesics  of  the  "Jacobi  metric"  are  the  periodic 
orbit  of  (1.1)  of  energy  h . 

To  be  more  precise  we  give  the  following  definition 
Definition  1.2.  A  continuous  function  Y  :  S1  ♦  5  (S1  »  [0,1]/{0,1})  is  a  closed 

geodesic  with  respect  to  the  metric  (1.6)  if  it  satisfies  the  following  assumptions: 

(i)  Y(t)  e  0  except  may  be  for  t  «  0  and  t  »  V2 

2  -1 
(ii)  y  e  C  (1,0)  where  I  -  y  (0) 

( ill)  ~  (a(T)'f)  ”  V2  |,r|2Va(T)  for  every  t  «  I. 

Remark  IV.  The  closed  geodesic  as  defined  by  the  above  definition  are  of  two  different 

type: 

(1.7)  interior  geodesics:  YfS1)  30-4 

(1.8)  brake  geodesics:  YtS1)  30  “  {0,  Vj ) 

The  interior  geodesics  are  just  smooth  curves  contained  in  0,  while  the  brake  geodesics 
satisfy  the  relation 

(1.9)  Y(t)  -  Y ( 1  -  t) 
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(1.9)  is  an  easy  consequence  of  the  Hauperti us- Jacobi  principle  tcf.  Remark  V).  The 
precise  statement  of  the  Maupertius-Jacobi  principle  Is  the  following 

Theorem  1.3.  Suppose  that 

(1.10)  a(x)  -  h  -  V(x) 

and  that  (1.4)  Is  satisfied.  Then  to  every  closed  geodesic,  by  a  suitable 
reparametrlsatlon  of  the  independent  variable  (time),  corresponds  a  periodic  solution  of 
(1.1)  of  energy  h. 

Proof .  For  the  convenience  of  the  reader  we  shall  give  the  proof  of  he  Manpertius-Jacobi 
principle.  Let  y  be  a  closed  geodesic  and  let  Ig  denote  S1  If  y  is  an  interior 
geodesic  or  (0,  Vj  )  if  Y  is  a  brake  geodesic.  As  we  can  check  easily  V2  a ( Y  )  I 'f  I  2  is 
an  integral  of  equation  (iii).  Then 

(1.11)  Vja(Y)|Y!2  *  1  for  every  t  e  Ig 

where  X  >  0  is  the  integration  constant.  By  (1.10)  and  (1.11)  and  equation  (iii)  we  get 

(1.12)  a  (a(y  )"f  ]  -  -XVv(y)  for  t  e  (0,1) 

Now  we  define  the  following  function 


(1.13) 


s(t)  «  j 


1  /X 


If  Y(t)  is  an  Interior  geodesic 


a(Y(T)> 


dt 


t  e  In 


a(Y(t) ) 

geodesic  we  have  to  prove  that  the  integral  (1.13)  converges. 
By  (1.11)  we  get  the  following  inequality 


is  a  bounded  function.  If  y(t)  is  a  brake 


1 


'dt  a(y(t) ) 


jVami,  r'lUZlilil  t  e  (0,1,  , 


a(y) 


a(Y) 


5/2 


Since  we  have  supposed  V  €  C2(S),  |Va(x)|  is  bounded  for  x  e  5,  so  we  have 


^  dt  a(Y(t)) I  4  M1  ^  a ( Y( t )  )  ^  '  *  *  (0'  ^ 


where  M1  is  a  suitable  constant. 
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The  above  inequality  and  standard  eatimatea  for  ordinary  differential  equations  give 


the  following  inequality  near  t  ■  0  and  t  "  V2 


1 


a(Y(t) ) 


(t  -  t„) 


2/3 


with  tn 


0  or  V2  and  M1  is  a  auitable  constant. 


Thus  in  every  case  the  function  (1.13)  is  well  defined  for  t  e  1Q.  Since  it  is  a 
continuous  increasing  function  it  is  invertible;  t(s)  will  denote  its  inverse. 

We  now  set 

(1.14)  q(s)  -  Y(t(s)) 

By  (1.12)  we  have 

(1.15)  -  l“  1/2a(y)  for  t  e  s(I0) 

Then 


[aCY )y] 


X"1/a|j  ta(Y)Y) 


dt 

d  s 


X_1a(Y> 


d_ 

dt 


[a(Y  W) 


Replacing  the  above  Inequality  in  (1.12)  we  get 

d2 

(1.16)  — r  q(s)  •  -VV(q) 

ds 

The  above  Inequality  holds  for  every  s  e  td^).  If  I0  “  (0,  V2  )  arguing  in  the  same  way 
we  can  prove  (1.16)  for  (  V2 ,  1).  Thus  (1.16)  holds  for  every  s  e  ttS1).  Moreover  by 
(1.11),  (1.15)  and  (1.10)  we  get 


(1.17)  V2  (~)2  +  V(g)  -V2K|2(Jj)2  ♦  V(q)  -  ^  (^j)2  ♦  h  -  a(Y)  -  h 

Finally  setting  p(s)  «  — ,  we  obtain  a  periodic  solution  (q(s),p(s))  of  (1.1)  of 

ds 

energy  h. 

Remark  V.  By  the  proof  of  theorem  we  see  that  a  brake  geodesic  generates  a  solution  of 

(1.16)  such  that  q( s(0) )  -  Y(0)  and  q(s(  V2  ) )  “  Y(  >•  Moreover,  by  the  uniqueness  of 


5- 


the  solution  of  equation  (1.16)  it  follows  that  q(s(  Vj  )  -  Sg)  »  q(s(  Vj  )  +  «0)  for 
sQ  e  (0,s<  V2  )  ) •  Therefore  the  brake  geodesic  satisfy  (1.9).  Also  we  have  the  following 
fornula  for  the  period  of  q(s): 


T 


j'-G— 

'  a( Y  (T  ) ) 


dT 


The  problem  with  the  metric  (1.6)  is  that  it  degenerates  for  x  e  30  so  that  the  standard 
techniques  of  the  Riemannian  geometry  cannot  be  applied  without  many  troubles 
The  main  purpose  of  the  next  section  is  to  prove  the  following  theorem 
Theorem  1.4.  Let  0  be  an  open  bounded  set  in  Sp  with  boundary  of  claae  and  let 

a  e  C  10)  be  a  nonnegative  function.  Then  if 

(1.18)  a(x)  »  0  if  and  only  if  x  e  30 

(1.19)  7a(x)  *  0  for  x  e  30 
there  exists  at  least  one  closed  geodesic  for  the  metric  (1.6). 

Clearly  Theorem  1.1  is  an  immediate  consequence  of  Theorems  1.3  and  1.4 
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2.  PROOF  or  THEOREM  1.4 

The  geodesies  are  the  critical  points  of  the  'length*  functional 
(2.1)  J(Y)  -  |  a(Y)|?|2dt  Y  e  C2(S1,fl)  where  S1  -  [0,1]/f0,1> 

However,  since  a(x)  degenerates  for  x  *  90,  it  is  difficult  to  study  directly  the 
functional  (2.1)  and  an  approximation  scheme  seems  to  make  life  easier. 

Let  x  e  C  (*)  be  a  function  such  that 

X(t)  -  0  for  0  <  t  <  1 
X(t)  -  2  for  t  >  2 
X'(t)  >  0 


and  for  every  e  >  0  we  set 
(2.2) 
and 


°e(x) 


v(JF — ) 
*la(x)J 


_1 _ 

a(x) 


(2.3) 


Je(Y)  -  1  {  V2 a ( y ) | f | 2  -  ue(Y)}dt  r  e  C2(s1,n) 


Clearly  for  every  Y  6  c2(S1,(l),  Je(Y)  ♦  J(Y)  for  e  ♦  0.  The  critical  points  of 
satisfy  the  equation  dj£(Y)[SYl  “0  i.e. 


(2.4) 


1  (*<Yc)tE  *  •  «Y)|f2| 


^X^a(Yc)^ 


a(Ye) 


2  +  EX’^ 


><V 


-]7a(Y  )  •  «Y}dt  -  0 


which  gives  the  Euler-Lagrange  equation  for  the  functional  (2.3) 

(2.5)  ~  (a(Y)V)  -  V2  It  l^stY)  -  VO  (Y) 

Ot  C 

Of  course  equation  (2.5)  are  an  approximation  of  the  geodesic  equation  (iii)  of  Definition 
1.2.  However  equation  (2.5)  is  easier  to  deal  with.  In  fact  we  have  the  following  result 
Theorem  2.1.  For  every  e  e  <0#Eg)  where  eQ  is  small  enough)  there  exists  a  function 

2  1  M 

Ye  e  C  (8  ,It  )  solution  of  (2.5).  Moreover  Ye  can  be  chosen  in  such  a  way  that  the 
following  estimate  holds 

a  <  Je(Ye)  <  0 


where  a  and  8  are  constants  which  depend  only  on  S)  (and  not  on  e) 


The  proof  of  the  above  theorem  is  contained  in  (B) ,  Theorem  1.1 


Our  aim  is  to  prove  that  (y£ }  £  has  a  subsequence  converging  to  a  closed  geodesic 

for  our  Jacobi  metric.  To  carry  out  this  program  some  estimates  are  necessary.  We  set 

e  *  Je<V  "  ^  f  1/2a(Ye>|tc|2  -  ur(Yc)}dt 


e  e 


\  -  /  V2a(Ye)|te|2dt 

The  interpretation  of  S£  and  L£  are  obvious:  L£  is  the  square  of  the  length  of  the 
curve  Y£  in  the  Jacobi  metric:  S£  can  be  regarded  as  the  action  functional  of  the 
trajectory  Ye  with  respect  to  the  Lagrangian  function 
L£(x,E)  ••  V2  a  <  x )  |  C  |  2  ~  0£(x)  (x  e  n,  5  e  HI).  Notice  that  L£(x,C)  is  not  the 
Lagrangian  function  associated  with  the  Hamiltonian  (1.1). 


(a) 

(b) 

Proof.  By  Theorem  2. 1  we  have 


Then  (a)  follows  straightforward. 


♦  0 

and  a  constant 

Ln  >  0  such  that 

*  Lo 

for  k  ♦  +» 

*  Lo 

for  k  + 

a  < 

se  <  e 

>  0 

there  exists  e 

>  0  such  that 

a(x) 

By  the  above  inequality  we  get 


*■  >  M  for  every  x  such  that  a(x)  <  e/2 


(2.6) 


Jr#  ’  «<jsr>  :fer 

a(x) 


90  we  can  select  sequences  ♦  0  and  My  -*•  +“  such  that 


(2.7) 


S_  ♦  L. 
6k  0 


U  (x)  < 
EK 


hr  *(^r)  -^4^  ^ 

"k  a(x)  a(x)2 


every  x  e  f) 


By  the  equation  (2.4)  with  Sy(t)  •  9a(Y£(t))  we  get 


/  {a<Y  )d2a(Y  )  fy  l2  +  V2  |1  |2  |VaCy  >  | 


(2.8) 


,  !<?a(Yf>r  c  |?a(Y  >| 

+  ^  —±r +  - 0 


e  »<V 


e  a'V' 


2  2 

where  d  a(x)[C  ]  denotes  the  second  differential  of  a(*).  Since  the  second  and  the 
fourth  term  in  the  above  integral  are  nonnegative,  we  get  the  following  inequality 

l?a<re  )|2 

(2.9)  /  x(“~)  - V-  dt  <  *  i  a(v  )d2a(y  )[y  ]2dt  <  ld2al  j  a(Yf  >  Nc  |  2dt 

alV  a(Y  >2  £  6 

k 


where  we  have  set 


So  we  have 


Id  al  -  max(d  a(x)[£l  |*  6  S,  {  e  7ft,  |5|  »  1} 


L  -V2i  a(Y  )|f  )2dt  -  S  +  j  U  (Y  )dt 


\  /2‘ 


6k  €k 


£k  £k 


l7a(Y  ) ! 


*  s.  *  k  i  i!-’» 


•»  \  '  'V'Y1'  ,n,  )! 

6k 


<  SE  +  1  1^  [by  (2.9))  . 

Ek  "k  Ek  Ek 


-  s  +  IsfaL  L 
ek  *  e 


\  ~k 


Thus  by  the  above  formula  and  thedef inition  of  S£  and  L£  we  get 

‘’-^VVS 


Thus,  since  ♦  +»  and  S£  ♦  Lq  for  k  +  +“ ,  the  second  assertion  of  the  lemma 

k 

follows . 
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Corollary  2.3.  If  we  set 


*  -  /  '/i*(T.)H  I2  ♦  U  (Y>dt 

*•  A  t  t  6  t 


we  have 


(a)  V2a<Y  (t))lt  <t)f2  +  U  (Y  (t))  -  E  for  every  t  e  (0,1] 


e  e 

(b)  E£  ♦  Lq  for  k  *  +*•  . 
k 

Proof .  (a)  by  direct  computation.  It  Is  easy  toaee  that  the  left  hand  side  of  equation 

(a)  is  an  integral  of  equation  (2.5).  More  exactly  if  J£  is  interpreted  as  the  Hamilton 
functional  for  the  Lagrangian  L£(x,?),  then  E£  can  be  interpreted  as  the  energy. 

(b)  follows  by  the  fact  that  we  have  the  identity 

ec  -  2Le  *  s£ 


and  by  lemma  2.2.  a 

Now  let  hVs1)  denote  the  Sobolev  apace  obtained  as  the  closure  of  C  (S1,*™)  with 


respect  to  the  norm 


'Yl  .  -  [/  !f  |  ♦  |y  |  at 

H  0 


2^1  V2 


Lemma  2.4  There  eixsts  a  sequence  ♦  0  and  Y  e  H^s')  such  that 

Y  *  y  weakly  in  h’is1) 
k 

Proof.  Consider  the  equality  (2.8).  Since  the  third  and  the  fourth  terms  are  nonnegative, 
we  get 


(2.10)  V2J  |fe)|Va(Ye)|  dt  <  -  S  «(Yc)d  a(Yt)W2)  <  Idal  j  » <Y£  >  U€  |  2dt 


'2-  '  1  —  '"2- . -•-2’  "  ‘  l2al  J  a(Yc)|^e|2d 

By  (1.18),  (1.19)  and  the  compactness  of  S,  there  eixsts  constants  v,  M  >  0  such  that 

(2.11)  Ma(x)  +  |Va(x)|2  >  v  for  every  x  e  0  • 

By  Corollary  2.3(b),  we  have  that 

(2.12)  Vj  /  a( Y  )|t  1 2  <  Lq  +  1  for  k  large  enough  . 

k  Ek 

So  by  the  above  formula  and  (2.10)  we  get 


V2l  l?a(Y  )|2|t  |2  <  <2L  +  2)ld2al  for  k  large  . 
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Adding  the  above  formula  with  M  tinea  (2. 12)  we  get 


V2/  {Ma(y  )  +  I?a(ir  )rH-r,r  <  C  with  C  -  <2Lq  +  2)ldal  +  (L0  ♦  ))M 
k  k 

Now,  uaing  (2.11)  and  the  above  fomula  we  get 

l1  \'2<c2 


The  above  inequality,  and  the  fact  that  0  ia  bounded  imply  that  ly.  I  is 

e  H1 

bounded.  Then  the  conclusion  follows,  may  be  talcing  a  new  subsequence  of  ' a .  ■ 

Finally  we  can  prove  Theorem  1.4. 

Proof  of  Theorem  1.4.  By  lemma  2.4  we  have  that 


(2.13) 


Y,  ♦  Y  weakly  in  H^tS1)  and  uniformly 


He  went  to  prove  that  there  exists  tg  e  s’  and  d  >  0 

(2.14)  dlst(Y  <t  ),»0)  >  d  >  0  for  every  k  . 

k 

He  argue  Indirectly  and  suppose  that  for  every  t  e  S1  there  exists  a  sequence  d^  ♦  0 
such  that 


diet(Y,  (t) ,30)  <  d. 
Ck  * 


Then  we  have 


L  “  i  V2  a(y  )|*e  |2dt  <  nax{a(x)|dist<x,30)  <  d)  •  ly.l2 
k  Ek  ek  x  k  Hi 


Thus  by  lemma  2.4  and  (1.18),  L  ♦  0.  But  this  fact  contradicts  lemma  2.2.  So  (2.14) 

k 

holds.  Therefore  the  set  {t|y(t)  e  0}  is  not  empty.  Let  A  be  one  of  its  connected 
components . 

Now  let  ♦  e  Cg ( A , Rn )  (i.e.  a  smooth  function  with  support  contained  in  A).  By 

equation  (2.4)  with  Ay  ■  ♦  we  get 


(2.15) 


/  «<y„  )y„  4  +  V2  K,  l2(Va<r  )  •  ♦)  -  (Vo  (Y  (Y  )♦!«  -  0 

a  ek  ck  ck  £k  £k  ek  £k 


Since  Yc  *  Y  uniformly  then 


(2.16) 


Moreover  by  (2.2) 


a(Yk)  ♦  a(Y) 

uniformly. 

^a(Yk)  +  Va<Yk> 


(2.17)  7o  (Y. (t))  ■  0  for  k  large  enough  and  t  e  aupp  ♦ 

£k  * 


Now  (2.13),  (2.16)  and  (2.17)  allow  ue  to  take  the  limit  in  (2.15)  and  we  get 


/  a(Y)'f4  +  V2  l"yl2C?a<Y)»^) <5t  «  0  for  every  $  B  Cn(A,Rn) 

a 

Therefore  Y  eatlafy  equation  (iii)  of  Definition  1.2  for  every  tea.  Thua  if  a  -  S1 
we  have  obtained  an  interior  geodeeic  and  we  are  finished.  If  AYS1,  we  consider  the 
affine  transformation 

T  :  a  ♦  (0,  V2  ) 

Since  equation  (iii)  is  invariant  for  affine  transformation,  the  the  function 


Y(t) 


Y(Y_1(t)) 


(  Y(T-1(1  -  t)) 

provides  a  brake  geodesic  according  to  Definition 


if  t  e  (0,  V2  ) 
if  t  e  (  V2  ,D 
1.2. 


-12- 


REFERENCES 


(AM]  A.  AMBROSETTI,  G.  MANCINI  -  On  a  theorem  by  Ekeland  and  La ary  concerning  the  number 
of  periodic  Hamiltonian  trajectories,  J.  Diff.  Equ.  _43^  (1961),  1-6. 

[A]  V.  I.  ARNOLD  -  MSthodes  mathfanatiques  de  la  micanique  claaeique.  Editions  Mir, 
Moecou  (1976). 

[B]  V.  BENCI  -  Normal  modes  of  a  Lagrangian  system  constrained  in  a  potential  well, 
preprint,  MRC  Technical  Summary  Report  #2610  (1983). 

[Br]  H.  BERESTYCKI  -  Solutions  p&riodiquea  des  systemes  Hamiltoniens  -  Seminaire  N. 
Bourbaki,  Volume  1982-83. 

(BLMR]  H.  BERESTYCKI,  J.  M.  LASRY ,  G.  MANCINI,  B.  RUF  -  Existence  of  multiple  periodic 
orbits  on  star-shaped  hamiltonian  surfaces,  Preprint. 

(EL)  I.  EKELAND,  J.  M.  LASRY  -  On  the  number  of  periodic  trajectories  for  a  hamiltonian 
flow  on  a  convex  energy  surface,  Ann.  Math.  1 12  (1980),  283-319. 

[GZ]  H.  GLUCK,  W.  ZILLER  -  Existence  of  periodic  motions  of  conservative  systems,  in 

Seminar  on  Minimal  Submanifold,  E.  Bombleri  Ed.,  Princeton  University  Press,  19A3. 

[G]  H.  GOLDSTAIN  -  Classical  Mechanics,  Addison-Wesley  (1981) 

[M]  J.  MOSER  -  Periodic  orbits  near  an  equilibrium  and  a  theorem  by  A.  Weinstein,  Comm. 

Pure  Appl.  Math.  29^  (1976),  727-747. 

(Rj]  P.  H.  RABINOWITZ,  Periodic  solutions  of  Hamiltonian  systems:  a  survey,  SIAM  J. 
Math.  Anal.  13  (1982). 

[Rjl  P.  H.  RABINOWITZ  -  Periodic  solutions  of  a  Hamiltonian  system  on  a  prescribed 
energy  surface,  J.  Differential  Equations,  33  (1979),  pp.  336-352. 

IS]  H.  SEIFERT  -  Periodischer  bewegungen  mechanischer  systeme.  Math.  Zeit.  _51^  (1948), 

197-216. 

[W]  A.  WEINSTEIN  -  Normal  modes  for  nonlinear  Hamiltonian  systems.  Invent.  Math.  _20^ 
(1973),  47-57. 

VB/ed 


-13- 


SECURITY  CLASSIFICATION  OF  THIS  FAOS  (Whmt  DM*  tWN< 


REPORT  DOCUMENTATION  PAGE 


2655 


4.  TITLE  (An*  tuMtit) 

CLOSED  GEODESICS  FOR  THE  JACOBI  METRIC  AND 
PERIODIC  SOLUTIONS  OF  PRESCRIBED  ENERGY  OF 
NATURAL  HAMILTONIAN  SYSTEMS 


READ  INSTRUCTIONS 
BEFORE  COMPLETING  FORM 


.  RECIPIENT'S  CATALOO  NUMBER 


S.  RERFORMINO  ORO.  REPORT  NUMBER 


S.  CONTRACT  OR  BRANT  NUMBER!*; 


DAAG29-80-C-0041 


PERFORMING  OROANIZ ATION  NAME  AND  ADDRESS 

Mathematics  Research  Center,  University  of 
610  Walnut  Street  Wisconsin 

Madison.  Wisconsin  53706 _ 


II.  CONTROL  LINO  OFFICE  NAME  AND  ADORESS 

U.  S.  Army  Research  Office 
P.O.  Box  12211 

Research  Triangle  Park.  North  Carolina  2770 


IS.  REPORT  DATE 

March  1984 


IS.  NUMBER  OF  PAOES 

13 


S  ADDRESS*-!!  SHml  I 


Con  trailing  Offlm)  I  IS.  SECURITY  CLASS,  (of  It,  It  i 


UNCLASSIFIED 


11*.  DECLASSIFICATION/ DOWNGRADING 
SCHEDULE 


S.  DISTRIBUTION  STATEMENT  (•!  Mia  Rapari; 

Approved  for  public  release;  distribution  unlimited. 


IT.  DISTRIBUTION  STATEMENT  faf  M#  **«>*«!  **l*wl  «■  Sfaa*  N,  If  4lffaranf  Pan  XaprlJ 


IS.  KEY  WORDS  fCH—  «  IMWM  *14*  If  — «T 


Hamiltonian  systems,  periodic  orbit,  closed  geodesics,  Jacobi  metric 


SO.  ABSTRACT  /Can HUM  ■  mw**  *14*  If  r»******»r  «4  ISMMifr  Sr  “•** 

Me  prove  that  the  Hamiltonian  system 

I  P  p,q  €  R11;  V  e  C2(^) 


q  ■  p 


has  at  least  one  periodic  solution  of  energy  h,  provided  that  the  set 
{q  «  rf'lv(q)  <  h)  is  compact. 


DO  1  JAN*7S  147)  EOITION  OF  I  NOV  St  IS  OBSOLETE 


UNCLASSIFIED _ 

SECURITY  CLASSIFICATION  OF  THIS  PAOE  fSfc*«i  Data  Ent*r*4 


